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ABSTRACT

A discontinuous Galerkin shallow water model on the cubed sphere is developed, thereby extending the
transport scheme developed by Nair et al. The continuous flux form nonlinear shallow water equations in
curvilinear coordinates are employed. The spatial discretization employs a modal basis set consisting of
Legendre polynomials. Fluxes along the element boundaries (internal interfaces) are approximated by a
Lax—Friedrichs scheme. A third-order total variation diminishing Runge-Kutta scheme is applied for time
integration, without any filter or limiter. Numerical results are reported for the standard shallow water test
suite. The numerical solutions are very accurate, there are no spurious oscillations in test case 5, and the
model conserves mass to machine precision. Although the scheme does not formally conserve global
invariants such as total energy and potential enstrophy, conservation of these quantities is better preserved

than in existing finite-volume models.

1. Introduction

High-order methods are becoming increasingly
popular in atmospheric modeling. In the last few years,
there has been active research in the development of
global models based on the spectral-element (SE)
method. Spectral elements have a number of computa-
tionally attractive features such as high-order accuracy,
parallel efficiency, and the ability to accommodate
adaptive mesh refinement (AMR). Thus, the SE
method has been adopted as the basis of several next-
generation atmospheric models (see, e.g., Taylor et al.
1997; Thomas and Loft 2002; Iskandrani et al. 2002;
Giraldo and Rosmond 2004; Fournier et al. 2004). Nev-
ertheless, a major disadvantage of SE atmospheric
models is a lack of conservation. For climate and atmo-
spheric chemistry applications, conservation of integral
invariants such as mass and energy is crucial. Moreover,
it is necessary to produce monotonic and positive defi-
nite solutions for the transport of water variables and
chemical constituents. However, it is not trivial to
implement efficient monotonic slope limiters in SE
models. There have been several efforts to develop
conservative atmospheric models (e.g., Heikes and
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Randall 1995; Thuburn 1997; Lin and Rood 1997;
Bacon et al. 2000), but all of these rely on low-order
classical finite-volume methods.

The high-order discontinuous Galerkin (DG)
method is ideally suited for atmospheric numerical
modeling as it is inherently conservative and can easily
incorporate monotonic slope limiters. In addition, it is
highly parallel and efficiently handles complex geom-
etries. The DG method may be considered a hybrid
approach combining the finite-volume and the finite-
element methods, exploiting the merits of both. Dis-
continuous Galerkin methods became popular follow-
ing the pioneering work of Cockburn and Shu (1989,
1998) and have been widely adopted in computational
fluid dynamics and other engineering applications (e.g.,
Bassi and Rebay 1997; Remacle et al. 2003). An exten-
sive review of DG methods can be found in Cockburn
et al. (2000) and Cockburn and Shu (2001).

In the present paper we extend the DG transport
scheme developed by Nair et al. (2005) to a full shallow
water model on the cubed sphere in curvilinear coor-
dinates. Recently, Giraldo et al. (2002) developed a
global shallow water model using a DG method. How-
ever, the basic formulation, spatial discretization, and
time integration scheme in our model are quite differ-
ent from those presented in Giraldo et al. (2002).

The remainder of the paper is organized as follows.
Section 2 describes the shallow water equations in
cubed-sphere geometry, and section 3 is devoted to the
development of a DG shallow water model. Numerical
results are given in section 4, followed by conclusions in
section 5.
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2. Shallow water model

Here we consider the cubed sphere (computational
domain) and the continuous flux form nonlinear shal-
low water (SW) equations in curvilinear coordinates.

a. Cubed-sphere geometry

As described in Nair et al. (2005), the sphere is de-
composed into six identical regions, obtained by central
(gnomonic) projection of the faces of the inscribed cube
onto the spherical surface (Sadourny 1972; Ronchi et al.
1996). Each of the six local coordinate systems is free of
singularities and employs the identical metric terms,
creating a nonorthogonal curvilinear coordinate system
on the sphere. Nair et al. (2005, hereafter referred to as
NTLOS), showed that the standard relative error met-
rics are significantly smaller for an equiangular projec-
tion as opposed to equidistant central projection. Here
we consider only the equiangular projection.

Let a, and a, be the covariant base vectors of the
transformation between inscribed cube and spherical
surface. Let v = v(A, 0) be the horizontal velocity vector
specified on the sphere with longitude A and latitude 6.
Then, the components of the covariant vectors are
given by u; = v - a;, u, = v - a,, and the corresponding
contravariant components are expressed as v = ulal +
u*a,. The metric tensor of the transformation is defined
as G; = a; - a,. Covariant and contravariant vectors are
related through the metric tensor Gj; such that u; =
Gy, u' = G'u;, where G” = (G,)"" and G = det(G,).
For equiangular coordinates (x', x*), the metric tensor
for all six faces of the cube is

1+tan’x'  —tanx'tan xz]

G 1
T ptcos® x' cos® x* | —tan x' tan X2 1 + tan® x?
= ATA, (1)

where r = (1 + tan® x' + tan® ¥*)"? and \/G = 1/
cos® x' cos® x*. The matrix A in (1) can be used for
transforming v with spherical velocity components (,
v) to the local cube-face components (', u*) and vice
versa, as follows (NTLOS):

ul u cosf aNax!
A 2 = ’ A = 1
u v 06/0x

b. Shallow water equations

cosf INAx>
a0/ox> |

2

We consider the flux form shallow water equations in
curvilinear coordinates as described in Sadourny
(1972). The governing equations for an inviscid flow of
a thin layer of fluid in 2D are the horizontal momentum
and continuity equations for the height 4. Here, A is
considered as the depth of the fluid, and it is related to
the free surface geopotential height (above sea level) ®
= g(hy + h), where h, denotes height of the underlying
mountains, and g is the gravitational acceleration.
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In curvilinear coordinates, the continuity and mo-
mentum equations for the shallow water system may be
written as follows (Sadourny 1972; Arakawa and Lamb
1981; Rancic et al. 1996):

2 (\/Gh) + il (\/Gu'h) + % \/Gu’h) =0, (3)
ot ox ox

u J

T E= VG + 0. &
ax

u d

w5 T E= VG (f+ 0. (5)
ax

where
1 1 ou ou
E=®+=wu' +uy?), (=——=|—-—1|,
2 (Mll/l uu ) g VE |:ax1 axz

f = 2w sin 0 is the Coriolis parameter, and o is the
rotation rate of the earth.

The six local Cartesian coordinate systems (x', x?)
that span the surface of the sphere are based on equi-
angular central projection (NTLOS) in such a way that
x' = x'(\, 0), x* = ¥3(\, 0), and —7/4 = x', x* = 7/4.

The system (3)—(5) may be expressed in the following
flux form:

3 J 9
aUt AR+ S FU) = SU) (6)

where U = [\/Gh, u,, w,]", F, = [\/Ghu', E, 0]"
F, = [\V/Ghu?, 0, E]", with the source terms S = [0,

VG (f + 0, —\/Gu'(f + O]

3. Discontinuous Galerkin formulation

For simplicity, we proceed with a scalar component
of (6) to describe the DG discretization:

oU
— + V- #(U) = S),

- in DX0,7), (1)

for all (x', x*) € D with initial condition U, (x', x*) = U
(x, x% t=0).In (7), F= (F,, F,) is the flux function, U
= U (x', xX%, 1), and V = (9/ax', 9/ax?) is the gradient
operator. Equation (7) includes a source term S(U),
otherwise it is the same as Eq. (14) considered in
NTLOS.

The computational domain D is the surface of the
cubed sphere, spanning six identical nonoverlapping
subdomains (faces) such that D = US_,Q". Therefore, it
is only necessary to consider the discretization for a
single subdomain ()", and the procedure can be analo-
gously extended to the remaining subdomains (hereaf-
ter, the superscript v has been dropped). Consider a
subdomain () that is partitioned into N, X N, rectan-
gular nonoverlapping elements Q3 i, j = 1,2, ..., N,,
such that
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Q= [, ¥2)lxt € (610, Xi1g0), 67 € (x]z—vz, x,z+1/2)]

®)
Thus, the total number of elements on the cubed sphere
is M = 6 X N?. The size of an element ) is determined
by Ax} = (xj11p — X/_y)) and Ax/2 = (ijﬂ/z - x,al/z) in
the x! and x? directions, respectively. For ¢ > 0, consider
an element ();; in the partition of {},and an approximate
solution U, (x', x%, ) belongs to the finite dimensional
space 7},()). Multiplication of (7) by a test function
@u(x', x*) € 9, and integration over the element ()]
results in a weak Galerkin formulation of the problem:

J
~ f Uy, 22, gy, x) dQ) -
i) o,

f ,‘T[Uh(xl’ x27 t)] . V(Ph(xl’ xz) dQ +
QA

if

f FLUL (", %%, 0] - ne,(x", x°) ds
o0

= f S[Uh(xla xz’ t)] (Ph(x17 xz) dQ’ (9)
Qjj
where n is the outward-facing unit normal vector on the
element boundary 9();;

a. Flux terms

Along the boundaries of an element (internal inter-
faces) (), the function U, is discontinuous and the
boundary integral [third term in (9)] is not uniquely
defined. Therefore, the analytic flux HU,) - n in (9)
must be replaced by a numerical flux 7 (U, U}). The
numerical flux resolves the discontinuity along the ele-
ment edges and provides the only mechanism by which
adjacent elements interact. A variety of numerical
fluxes are available to approximate the solution of the
resulting Riemann problem (Cockburn and Shu 2001).
For simplicity, the Lax—Friedrichs numerical flux as
considered in NTLOS is chosen for the present study,
given by

. 1
FUy > Up) = 5{L7U,) + HU)]-m = Uy = Uy},

(10)

where U, and Uj are the left and right limits of the
discontinuous function U, evaluated at the element
interface, « is the upper bound for the absolute value of
eigenvalues of the flux Jacobian #'(U) in the direc-
tion n.

For the shallow water system (6), the values of « in x'
and x? directions are defined as follows (see appendix
A for derivations):

o' = max(u'| + \/® G"),
o = max(|u?| + \V P G*?),

(11)
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(a) Cubed—-Sphere
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8x8 GLL Grid
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Fi1G. 1. (a) A cubed sphere consisting of 25 elements (N, = 5) on
a face is shown. With this configuration 150 elements are required
to span the surface of the sphere (6 X N2 = 150). Each element
contains 8 X 8 GLL points. (b) A schematic illustration of a
reference element with 8 X 8 GLL points. Each element on the
cubed sphere as shown in (a) is mapped onto the reference ele-
ment [-1,1] ® [-1, 1].

where the maximum value is local to the element ().
Treatment of flux terms and vector quantities at the
cube-face edges needs special attention, and it is dis-
cussed in NTLOS. We proceed with the spatial discreti-
zation as follows.

































